‘T)ﬁe Island Series:

You have been kidnapped by a crazed physics nerd and left on an island with
twenty-four hours to solve the following problem. Solve the problem and you
get to leave. Don’t solve the problem and you don’t.

Tﬁe JOTOB [em: You are told you will be given 5 seconds to stop two

different object using a constant force of your choice (it doesn’t have to be the
same force for each object). Before you see either object, though, you must say
which will take the greatest force to stop. You dissent saying you don’t have
enough information to make the call, so you are given two questions (not
“which force 1s bigger” or “which body experiences the largest acceleration™).
From the responses to those two questions, you are to determine which body
will require the larger force. What are the questions?
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Solution to Island Problem

Wﬁat governs stopping force requirements? The two parameters that will

matter are:

The mass of each 500@ (the bigger the mass, the larger the force required to
stop the body 1n a given amount of time); and

The 600@’5 vefocity (the faster the body is moving, the greater the force
required to bring the body to a stop in a given amount of time);
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CHAPTER O:
‘Momentum

Wﬁen JﬂﬁyS 1C1StS run into a qualitative question like the one posed in the

Island Series question, they will often take the parameters that are key to
understanding the solution to the problem and multiply them together to get an
overall governing relationship (that 1s, after all, where the 1dea of work came from).

The 1dea 1s that if that quantity is large, the phenomenon being examined will be
pronounced, and 1f small, not so much.

In tﬁiS CAase, the product of the mass and velocity produces a vector
p=myv

called MOMENT UM.

QCindTy notice that this relationship is really three equations in one— it
denotes momentum in the x-direction, in the y-direction and in the z-direction.

Also, this means the idea of momentum is contrived mathematical relationship

designed to answer a very specific question (back to the Island Series query). 3




d| nteresting [y, Newton didn’t originally write his second law as F,_, =ma ,

he wrote it as:
~ do
Fnet — _p
dt
T aﬁing that derivative yields:

The first part relates force to the acceleration of the object. 1t just equalsma .
The second part 1s related to how force is required to deal with situations in which
the mass of a moving object changes. An example of such situations might be a
rocket whose mass is changing as it burns fuel upon lift-off, or possibly a dump
truck that 1s being loaded with gravel as it moves. As problems like that are not
generally addressed in classes like this, we end up with Newton’s Second Law
looking like: 4%

—
—

et =ma:ma
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Wﬁat is us @C u[ 1s that 1f we focus on just one direction, say, the x-direction,

we can use the 1dea of momentum in conjunction with Newton s Second Law to write
a relationship that links force and changing momentum to a single body’s motion.
That 1s:

Over a cﬁﬁerantiaffy small time interval dt:

p =3P
dt
= Fdt=dp,

Over a macroscopicaffy large time intervalAt :

p = 2P
At
= F At=Ap,

--The F At quantity is called the /MPULSE on the body.

- The F At = Ap, quantity is called the impulse relationship.
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Cons 16[61’ . A puck moving over a frictionless

floor 1s viewed from above. It hits a wall and
bounces off, as shown below. What is the
puck’s change of momentum?

——————
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Cons 16[61’ . You are looking down on a 2 kg

puck sliding over a frictionless surface moving
at 3 m/s as shown. It bounces off a wall as
shown. What is the net impulse on the puck?

The Eey is to realize that you have to treat the

momentum change as a vector (look at the
momentum in the y-direction—it isn ¥ changing, so
you’d better not end up with math that suggests that
it should . . .)

In the x-direction:
F At = Ap,
= Px2 7 Pxs
= (-m|V|cos8,,, ) - (m|¥|cos8,,)
= —2m|V|cosO_,
=—2(2 kg)(3 m/s)cos(30°)
=-104 kgem/s
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In the y-cfirection:

F At=Ap,
= Py2 = Py,
= (m|V| sin@_ ) - (m|V| Sin ein)
=0

So the net impulse (which is normally

characterized as a J, though the book uses / for
reasons that are unclear):

A
.

J=(FAt)i+(F,At)]
=(-104i+0j Jkg+ms

(I)ﬁlS makes JOQ?j',eC T sense as you would expect the impulse that would

change the puck’s motion to be away from the wall in the minus x-direction.
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(I)ﬁlS GL[S O tells you something about our world:

Want to Eeejo a driver safe during a car crash, pad the dashboard or,

better yet, put air bags into the car. Why? Because when the driver goes from
60 miles per hour to zero miles per hour due to a crash, the impulse (the change
of momentum) will be what it will be, but the time of impact can be controlled
(you want it to be as long as possible so the FORCE of impact 1s as small as
possible. That is:

(Fovanir) (At of crash ) ] ( Ap of driver )
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The ‘Mocﬁ'ﬁec[ Conservation of
Momentum T ﬁeory

Cons 16[61" TWO mMassées moving in opposite directions that collide as shown

below. If one mass has a jet pack on its back that provides a constant force F
(again, as shown), what do the impulse equations suggest for both masses?

befi Ilisi DAl
CI0rc Coliision F —l pBl

jet ’
J _

after collision: E

jet

o[
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before collision Pl

During the collision, the green fellow will
feel an impulse to the right due to the jet and
an impulse to the left due to the collision.
Assuming the time of collision is At, the after collision
impulse relationship for the green mass Fie At

Ps>
through the collision becomes: pAQ:i_. —

Fjet At — FcollisionAt = pA,Z - pA’l

The blue fe[fow will NOT feel an impulse due to a jet as there 1s no jet attached to
it, but 1t will feel an impulse to the right due to the collision. It will be equal in
magnitude and opposite in direction to the impulse the green fellow felt due to the
collision. The blue block’s impulse relationship through the collision will be:

FcollisionAt — p B,2 o pB,l

ﬂcfcfing the two refationsﬁijos, the collision impulses (whose forces are N.T.L.
action/action pairs referred to as internal forces) will add to zero, so:

F At= (pA,2 *Pso ) B (pA’l T pB’l)
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before collision P,
Rearranging the terms so that the “before”
terms are on the left side of the equation and
the “after” terms on the right, we end up with

after collision

(pA’l + Ps. ) + FjetAt - (pA,2 T pB,Z) F At P2
p :i_. —
If we include the fact that all of this is happening - =2

in the x-direction, this can be re-written as:

2 Px before T 2 F emalx At = 2 P after

This is called the mocﬁ’fiecf conservation of momentum refationsﬁi}o. It
essentially maintains that in a particular direction, if all of the forces acting on a
system over a time interval are internal to the system (1.e., Newton’s Third Law
action/action pairs) with no impulses being generated by external forces (i.e., non-
action/action pairs, like the jet pack), then the sum of the momenta (signs included)
at the beginning of the interval will equal the sum of the momenta at the end of the
interval. That is, the individual momenta can change, but the sum must remain the
same . . . unless there are external forces producing external impulses present to
change the momentum content of the system.
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‘Momentum ‘Musings

Is 1t possible to have no momentum but some KE in a system? Explain.

Is 1t possible to have momentum conserved but some KE in a system? Explain.

Is it possible to have momentum conserved but not mechanical energy?

Is it possible to have mechanical energy conserved but momentum not? Explain.

Is 1t possible to have momentum in one direction but none in another? Explain.
What changes momentum in a particular direction? Explain.

What changes mechanical energy in a particular direction? Explain.

You are standing stationary in a rowboat that sits stationary next to a dock. You
attempt to step out of the boat onto the dock. What does the boat do? Why?

As a football player, would you prefer to be hit by a 100 kg lineman (220 Ibs)
moving at 5 m/s or a 50 kg back (110 Ibs) moving at 10 m/s? Explain?

13)



‘As OLJOOiTLt OJC semantics: Anisolated system is a system in which there

are no external forces (hence no external impulses) acting. With the modified
conservation of momentum equation including the possibility of external impulses

(or not), making the distinction between 1solated and non-isolated systems 1s not so
important, but you may run into the language so you need to know about it.

(IJQC ﬁm’c GL[ [zy , collision always produce deformation and sound and heat, so

energy 1s never really conserved through a collision. There are close calls, though.
When this happens, because potential energy changes are almost non-existent thru
collisions, what 1s “conserved” 1s kinetic energy.

(IJO cfe[ineate types of collision, three kinds are given special names:

An inelastic collision is defined as a “normal” collision—momentum

conserved thru the collision unless there is an especially large external impulse
present—with energy NOT conserved.

A }oerfectfy inelastic collision is defined as an inelastic collision in which the
bodies stick together after the collision (1.e., final velocities are the same).
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An elastic collision is defined as a collision in which both momentum and
mechanical energy are assumed to be conserved.

Easy example: two electrons veering from one another due to electrical repulsion
as they pass one another. This interaction, this “collision,” is to a very good
approximation conservative in energy.

Not so obvious examples: 1deal, massless springs:

Example 1: A block jammed against an 1deal K I
spring is struck by another block moving in with
velocity v. Energy 1s NOT conserved in the x=0 (at equilibrium)

collision due to deformation between the blocks.

Example 2: A block collides with an 1deal, K :
massless spring, pushing it in to the left. Energy M l

IS conserved in this case. Why? Because due to

the masslessness of the spring, no deformation of material occurs so no energy

is lost. (This 1s not terribly appealing because it ignores energy loss to sound
and heat, but that’s the assumption made.)
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QZXCLTYLJO&% 1. Consider a 75-kg kid sitting

on a stationary, 5.0-kg cart with frictionless Voans = Sm/SE O
wheels. He catches a 7.0-kg bowling ball
moving in the horizontal at 5.0 m/s.

What kind of collision is this? (perfectly inelastic)

How fast does the kid move after the collision?

‘Just as in conservation of energy problems, start out with the generic

conservation of momentum expression and filling in the bailiwicks appropri-
ately, noting that the kid and cart start out at rest, the velocities are all the

same after the collision and all the forces acting in the system are internal
(i.e., action/action N.T.L. pairs). With no external impulses, we can write:

0
0 2 p X ,bef(())re + Z/Fe/ernal X At — z p x ,after
(H}aé{can + my)’k/id,l TMyy Vi ) + (0) = (mcart T My + My, ) v

(7 kg)(5.0 m/s)+ 0 =(5 kg+75 kg+7 kg)v
= v=.40 m/s
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C ontinuing: A 75-kg kid sitting on a station- | _
ary 5.0-kg cart with frictionless wheels. He tries to P >0
catch a 7.0-kg bowling ball moving in the

horizontal at 5.0 m/s but fumbles i1t. It bounces off
him leaving in the x-direction with velocity 2 m/s.

In that case, what will the kid’s velocity be after the collision?

ﬂ[WCL:VS 66 aware of signs when dealing with momenta.
Momentum 1s a VECTOR. With that in mind, we can write:

z px,before z external X — z p x ,after

(mkid/carthid,l + mbaanau,l) + (O)

(mkid/cartvkid,z + mbaquau,z)

(80 kg)(0 m/s)+(7 kg)(5.0 m/s)+ 0  =(80kg)v+(7 kg)(-2.0 m/s)

= v=.61 m/s
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Force vs Time gmjoﬁs

differential impulses Fdt acting on the body over a time interval dt, 1t’s kind of

‘As a s ma[ [ aside, how are force versus time graphs related to impulse
Not ing that the total impulse J on a body will be the sum of all the

quantities?
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obvious that the area under the force versus x-time graph yields the impulse on

the body over the time interval.

So how much impulse

does the force graphed

second to t = 6 seconds?
Solution: the area under
the graph above the axis

to the right do as the
body moves from t = 1

negative, so the solution is 22 newton-seconds.

1s positive and below is




Wﬁy 1S the mass of a rifle always more than the mass of the bullet it fires?

From Pirates of the Caribbean . . .




\

| before
QZXCLWLJO[Q 2! Consider shooting a 4.25- | ﬁ_

kg gun with an 80 cm long barrel that fires a \\\ after e
50-gram bullet with velocity 400 m/s. . Vgun<_ oV_>
N bullet

What is the magnitude of the gun’s recoil Velocity?

Z px ,before + Z external X Z px,after
(0) + (0) mg,, (_Vgun ) T My Vet

0 + 0 =—(4.25 kg)vgun +(.05 kg)(400 my/s)
= Vo = 4.7 /8

—_——
N~ — —
e ———— -
—_—————

What is the impulse on the bullet?
You can get this either by calculating FAt orAp . We’ll useAp .

J=mv, —mv

= (.05 kg)(400 m/s)—(.05 kg)(0 m/s)
=20 kgem/s
Soforma[fy, as a vector, this would be: J = (2() kg e m/s)(i)
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l\ before
Con’t: Consider shooting a 4.25-kg gun \ ﬁ—
with an 80 cm long barrel that fires a 50- "\ after T
gram bullet with velocity 400 m/s. R > >
N bullet
What is the bullet’s time of flight? T TTTmeeeee \
This is a kinematics problem—irritating, but d
something you need to not forget how to do . . . — =
avg
t
d
= t=—
Vavg
_83m
200 rp3/s
What is the bullet’s acceleration? =4x107s
?lgain, kinematics.
Vo™ VY
d=
t
~ 400 m/s—-0
4x10%s
=10°m/s’
21)




y l\‘ ] before

Con’t: Consider shooting a 4.25-kg gun L . ﬁ—

with an 80 cm long barrel that fires a 50- e U
gram bullet with velocity 400 m/s. \\\ Vgun<_ S

Determine the force on the bullet two different
ways.

‘Using Newton’s Second Law:

—_——
N~ — —
e ———— -
—_—————

F=ma
= (.05 kg)(10° m/s’)
=5x10°N
‘Using the Impulse relationship:
FAt = Ap
= F= Ap
At
B (.05 kg)(400 m/s)—O
4x107 s
=5x10°N
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QZXCLWLJQ[Q 3. An ideal spring (spring

constant k) is attached to a mass M. The mass
1s 1nitially sitting at equilibrium. A bullet of

mass m moving with velocity v buries itself

into the block. x=0 (at equilibrium)
@um’ng this ﬁayyening:

Wﬁen was mecﬁanica[energy CO’HS(ZT’VQC[?
Energy was conserved after the collision. That is, once the energy loss due to the
embedding of the bullet was done, energy was conserved.

Wﬁen was momentum CO’HS@?’\/QC[?

As all the forces in the x-direction are internal thru the collision, momentum 1s conserved
thru the collision. As soon as the spring, which produces an external force, begins to exert

its influence, then momentum begins to change (the system begins to slow) and momentum
1s no longer conserved.
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Con’t: An ideal spring (spring constant ) is

attached to a mass M. The mass is initially
sitting at equilibrium. A bullet of mass m
moving with velocity v buries itself into the

block.

, , o, . . x=0 (at equilibrium)
Derive an expression for the spring’s maximum depression.

From conservation of momentum through the collision (1.e., from just before
the bullet hit the block to just after—mnotice the spring will not have compressed
hardly at all during this interval, so no external impulse there . . . also, assuming

the “just after embedding” velocity is “V™):
Z px,after

Z p x ,before + Z external x

My e (_V) + (O) = (mbullet T 1My )(_V)

Note: From a momentum through the collision perspective, would it have

mattered if the surface had been frictional?
Answer: Nope! The time interval of collision would be so small that the

frictional impulse fAt would be negligible and ignorable.
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‘For conservation of mechanical energy

AFTER the collision (that 1s, using a time
interval that does not include any before

collision parameters like “v”), noting that
the “final” velocity of the system will be
zero (everything will have come to rest with
the maximum deformation of the spring),
we can write:

x=0 (at equilibrium)

) KE, +> U +) W, =>YKE+) U,
1 1

E(mbullet T My )V2 + 0 + 0 = 0] + Ekx2
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Using these two equations to solve the problem,
we can write:

from the momentum relationship:

My et (_V) = (mbullet T 1My )(_V) x=0 (at equilibrium)
My eV

(mbullet + mblock )

= V=

substituting V into the energy relationship:

1
mbullet T My, )V kX
T
m A/
bullet _ 2
= / My e T Myppock ) —é(x
( bullet + mblock )
Iz
(m V)Z 2
— X = bullet

k (mbullet T My )
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Q\fote: There is often a temptation for

students to use conservation of energy from the K
before collision time until the maximum

deflection time. That would look like:

2 KE, +Y U+ W, =YKE, 2 U, x=0 (at equilibrium)
* + 2 Weu +

mbuuetv+ O + 0 = 0 +—kx
2 2

The monumental Joroﬁfem with this is energy is lost (probably a LOT of energy
lost) during the collision, so the kinetic energy before the collision 1sn’t going to
equal the spring potential energy at full depression. If you had been told there was,

say, 1200 joules of energy lost to heat and deformation and sound during the
collision, then you could ignore momentum considerations completely and simply

written:
ZKE +> U+ YW, =>KE, +2U

2mbunetv + 0 +(-1200J)= 0 + Ekx

That wasn’t the case, though, so you had to split the problem up into two intervals

with energy governing one and momentum linking the two. %)




Interesting twist: Consider now a
bullet that strikes a block against a spring, but

the bullet comes in at an angle. .V\A
m ullet
Where, 1f anywﬁere, 1s energy conserved in this "

happening, and where 1s it NOT? Justify!

After the collision, there is no extraneous work being

bullet moving at angle but block at rest

m,, . at rest
X

done as the spring is ideal, so energy is conserved
after the embedding. Energy is not conserved through
the collision as energy is required for the bullet to
burrow into the wood, which means there is an energy
loss during the impact.

Where, 1f anywﬁere, 1S momentum conserved in
this happening, and where 1s it NOT? Justify!

just after embedding, masses moving but
spring still essentially not compressed

X

There 1s momentum in the y-direction before the
impact, but none after, so momentum is not be
conserved in that direction through the collision. And
after the collision, the spring applies an external force and impulse in
the x-direction, so no momentum conserved then. The only forces
acting in the x-direction through the collision are internal, so
momentum will be conserved in the x-direction through the collision.

maximum distance “d”

masses come to rest after depressing spring

d
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gfancing Collisions

Wﬁen (1 billiard ball strikes a second, stationary billiard ball, and the

collision is assumed to be elastic, the two balls will leave each other at 90°.
Although this rather bizarre observation 1s being made without proof (a problem
follows that shows it works), it 1s something the AP folks have utilized on AP
questions in the past.

fxamjo[e 4: A player needs to sink the
v,

eight-ball into the corner pocket on a pool
table. The cue ball approaches at 1.00 m/s:

a.) If the 8-ball leaves at 35°, at what
angle does the striking ball leave?

55°
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6) What are the final velocities of each
ball, assuming the masses are the same and

the collision is elastic? vV
In the x-direction (with v, =1 m/s): O
2 px,before + 2 Fext ,XAt = 2 px,after

y{vo + (0) :yﬁVICOSSSO +p4v200355°
= 1=.82v,+.57v, = v, =122-7v,

In the y-cfirection:

2 p y ,before + Z Fext ,yAt — 2 py,after
0 + (0) =piv,sin35°—npfv,sin55°
= v,sin35° =v,sin55° = v, =.995v,

Combining the twoV,'s :

v, =122-7v,=.995v,
=vVv,=.72m/s = v,=.73m/s
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QZXCLTHJQ [6 4 This is an old lab problem. You know the incoming velocities

and angles of two billiard balls that collide elastically. You know the outgoing
angle and velocity (denoted as “u” to differentiate from the incoming velocities) of

one of the balls. Derive an expression and determine the outgoing velocity and
angle for the other ball. In the sketch, vectors in black are known.

We first tﬁing we need mv
. 2
to do 1s break the mv, sin0,
mqmentum vectors 1nto mu, sin®,
thep' component parts. mv, cos, N
Doing so yields: N A mu, COSG
A
62 f A q)z
______________________ /_BL\_—\__ --r——FF--—-————V-—-n——m-n— 8 _-__-_—-——_-—_———
A2 ~~-/ 0, _ mu, coso,
- mu, sin ¢,
mv, cos0, s mu, _
mv, sin®,
mv,
o0 om,
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myv,

mv, sin0,
mu sin0,
mv, cos0, \\ — 9

___________ z \ ____(I)z_________________

o 91 < ~~~J6,  mu coso,
R mu, sin¢,
mv, cos0, 7 mu, ~—
mv, sin 0,
mu,
In the x-direction. T
2 p x ,before + Z Fext xAt Z p x ,after
m,v, cos®, +m,v, cosO, + (0) =m,u,cosd, +m,u,coso,

In the y-cﬁ’rection:

2 py ,before + Z Fext y At Z p y ,after

m,v,sin@, —m,v, sin0, + (0) =-mu,sind, +m,u,sing,
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This simpﬁ’ﬁ’es to:
N, =N,u, cos,

and

N, =N,u,sin¢,

@ivicﬁng the one into the other

yields:
N, _ N sing,
N, N% CoS O,

= ¢, =tan" [

N3N2
NN,

Knowing the cmg[e, you can go back and determine the unknown velocity.
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One Of the Biggest challenges students face is deciding when conservation

of momentum 1is applicable in a problem, and in many cases more critically, when
conservation of energy 1s applicable. If you make assumptions that are not true on
that count, everything you do from there on will be wrong. To that end, consider:
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Is it JQOSS 16 &3 to have a situation in which

A : : Vi
momentum 1s conserved and energy 1s technically
not . .. but we let it slide. If so, give an example,
|

formally justifying each conservation assertion.

Consider two blocks moving in opposite directions over a frictionless surface with an ideal
spring in the system. When there is collision and bounce back in opposite directions:

Momentum is conserved THROUGH THE COLLISION as the spring, whether ideal
or not, provides only an internal force and, hence, no external impulse during the
collision. Even if friction had been involved, the time of collision over the interval
would have been so small that friction’s impulse would hardly changed the momentum
content of the system over the interval, and could have been approximated as zero
conserving momentum through the interval (i.e., through the collision).

There is a tiny bit of work through the collision that isn’t being taken care of by a
potential energy function (in the energy section, we call work like this extraneous
work), because there 1s sound and a tiny bit of heating and, in all probability, a tiny bit
of molecular deformation as the spring gets smooshed, but this 1s SO SMALL that for
all intents and purposes is it ignored. So in cases like this, mechanical energy i1s
assumed to be conserved.

Bottom [ine: If it’s just a spring that being collided with, mechanical energy is conserved.
36.)




‘But is it }”)0551:6[6 to have a situation in

which momentum is conserved but energy 1s not,
and we don t let 1t slide. If so, give an example,

formally justifying each conservation assertion.

Consider a two-blocks with spring running into a third block moving over a frictionless
surface, as shown. When collision and bounce back in opposite directions happens:

Momentum is conserved THROUGH THE COLLISION as the collision forces are
all internal force and, hence, no external impulse exists in the x-direction during the
collision. Again, even if friction had been involved, the time of collision over the
interval would have been so small that friction’s impulse would hardly changed the
momentum content of the system over the interval, and could have been approximated
as zero conserving momentum through the interval (1.e., through the collision).

But now you have serious energy loss through the collision as the blocks collide
(probably due to big-time molecular deformation, sound, heat, etc.). As this loss 1sn’t
taken into account by potential energy functions (in the energy section, we would call
work like this extraneous work), the mechanical energy is NOT conserved through the
collision (though it may be conserved subsequently after the collision happens). The
trickiness here 1s that people are sometimes thrown by the fact that the spring 1s ideal.
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Is it JOOSS 16 [6 to have a situation in which mechanical energy is
conserved but momentum 1s not? If so, give an example and justifying.

[gnoring air friction, consider throwing a ball straight up into the air.

Momentum is not conserved as gravity produces an external impulse

that changes the momentum content of the system in the y-direction as

time proceeds.

Mechanical energy 1S conserved as kinetic energy is turned into gravitational
potential energy but there are no extraneous bits of work being done by forces like

friction. §§.€-(—(—<i\ \

Is it poss ible to have a situation in which eﬁ' < P

7/

momentum 1s conserved in one direction but not in €=’

another? If so, give an example and justifying. |

Ignoring air friction, consider throwing a ball in two dimensions.

Momentum is not conserved in the y-c[irection as gravity produces an external
impulse that changes the momentum content of the system in the y-direction.

Momentum is conserved in the x-direction as there are no external forces, hence
impulse, in that direction to change the body’s x-momentum.
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before v, v,
QZXCLWLJQ [6 5. A bit of mathematical nastiness: — e

Consider two blocks with spring attached and known ﬂ YYM
incoming velocities. They collide and bounce.

Derive an expression for the recoil velocities.

after

v, v,
from the momentum relationship (highlighting
the unknowns in red and unembedding - signs): J -ML

We've aﬁ’eacfy said that situations like this are elastic (mechanical energy

conserved). Noting that the spring only redirects motion (at the beginning
and end of the interval, it is not engaged), the energy relationship reads:

1 1 1 1
Eml (V1)2 +5m2 (V2)2 = Eml(v3)2 +5m2 (V4 )2
Sofar, SO goocf.
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And here we fincf the nastiness. Standard techniques to solve this would solve for
one velocity in the momentum equation and substitute it into the energy equation

yielding:

—m,Vv, + m,v, + m,v,

= V,=

m,
, 1 > 1 | 2 1 2
which means §m1(V1) +5m2(vz) :Eml(v3) +5m2(v4)

2
1 1 1 [ —-mv,+m,v,+ 1
becomes —m, (V1 )2 + Emz (V2 )2 _ Em(l m,v, Hriflvz m,v, ] N Emz (V4 )2

Now solve forv, .

YTKES!!

A new tecﬁniclue: Group your masses; factor your energy quadratics; divide the
momentum equation into the energy equation and cancel out one factor; get new
relationship between variables and plug that back into original momentum
expression.
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There is a clever, simpler way, though.

Start Ey gathering all the terms associated with the massm, and all the terms
associated with the mass m , and put them into two piles.

m,v,—m,v, =—m,V,+m,v,
= m, (V1 + V3) =m, (V2 + V4) equation A

Fon (0 fims 02 = 1)+ Jm 1
= m [0 =) J=m () - ()

Factoring the energy relationship yields:

m, |:(V1 )2 ~ (V3 )2:| = m, |:(V4 )2 - (Vz )2:|

and

= m, I:(Vl)— (V3):||:(V1)+ (V3):| =m, [(V4 ) - (Vz):II:(V4 ) + (Vz)] equation B
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Take equation A and divide it into equation B (left side to left side, right side to
right side) yields a simplified, new relationship.

‘?41[(\’1)_(\'3 ][(VM3 ] ‘7‘( [ (Vz)][(VMZ)] equation B
/ 7/19/ 74 };17{4 ) equation A

Note that in its most general

form, with signs embedded, this
= V3=V, TV, TV, relationship becomes: v, +v,=v, +v,

= V,—V;=V,—V,

With that, we can go back to the original momentum relationship, substitute in for
the velocity v, and solve:
m,v,—m,v, =—m,V, +m,V,
— m,v, —m,v, = —1, (—V4 + Vv, + \A ) + m,v,
= m,V,—m,vV,+m,v,+m,v, = (m1 + mz)v4
2m,v, + (m1 —m, >V2
(m, +m,)

= Vv, =

And knowing v, you can go back and determine v, .
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QZXCLWLJO [6 O: A 1500 kg car moving eastward

with velocity 12 m/s experiences a perfectly inelastic
collision with a 1000 kg car moving 10 m/s north-
ward. What is the final velocity of the 2500 kg car?  v=12m/s £
/ _ . o m, =1500kg |
With all the ﬁifaey internal in the x-direction, m, = 1000 ke

conservation of momentum in the x-direction yields:

Z p x ,before T Z Fext X At — 2 px ,after

v, =10 m/s

m,v, + 0 = (m1+m2 )VCO1 cos©
m,v
= v,_cosf=—"— Equ. A
m,+m,

In the y-/[mcz“z’onx

Z p y ,before + Z Fext RY% At — 2 py ,after

m,v, + 0 = (m1+m2)vCol sin©

. m,v
= v,_sindb=——- Equ.B
m,+m,
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The trick to mﬁ/zhcg 1s to divide the one
equation into the other and canceling stuff, so:

m,v,
Equ.A ¥ ,sin6 (mAnm; )
Equ. B }/Col cos© m,v,

(o |

= tanO= LY
mIVI
o 0 tan! (1000 kg)(10 m/s)
(1500 kg)(12 m/s)
=29°
2 p x ,before + 2 Fext X At — Z p X ,after
myv, -+ 0 = (ml+m2)VCO1 cos©
= v, cos0= et
m,+m,

v,=12 m/s
—- —_—_———————
m, =1500 kg I
m, =1000 kg
v, =10 m/s
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For ‘My CPeoy[e

ﬂ[tﬁougﬁ this may or may not be important in an AP sense, in a PHYSICS

sense 1t 1s important to understand that almost every problem you did in the energy
section can be made into a momentum problem by simply including a collision.

‘For instance:
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Jill starts
Take the extended ice dome problem here R

and make 1t into a Jack and Jill event  against
with Jill shoved up against a spring spring
(not shown) to start with and Jill

crashing into Jack at the crest of the

hill. Now you need to work in

sections, keeping in mind where

energy and where momentum are
conserved (and where they aren’t!).

The next ‘page animates this segregating:
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Eefore collision,

energy conserved ™

mg(zR)+ka2):

N | —

cfum’ng collision,
momentum conserved

My, v, = (

m, +m;,,

Jill’s velocity v, just
before collision

Jv.

_: aﬁer collision energy conserved

Jill and Jack’s velocity V,
just after collision

v, U

-

I
2 1 2
jill+mjack)(v2) +(mjill+mjack)g:(R>:E(mjill+mjack)(v3) +(mjﬂl+mjack)g(Rcose)
| N
|
|
|
|
I
I
I
I
I
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There is the Joroﬁfem from hell with the first mass running into a
second mass 1n a perfectly inelastic collision.

In that case, you’d have to use energy up until the collision, then momentum

to connect the before collision and after collision velocities, then go from there
with energy considerations.

c=12m k =120 N/m
\ jetpack
frictional surface burn 5
n =.3 jello F =500x
—— %
<———L=2m —— loses 80J Xx=.5m loses 110]
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Tﬁere 1S tﬁe CGLTLTLOTLJQTOB[@WI

in which you want to determine how much
the spring expands after the cannon 1s fired.

mshell = 200 kg . Vshell = 125 m/S

Here, momentum in the y-direction is
NOT conserved Qurmg the.ﬁrm.g m,,, = 4800 kg
(nothing moving in the y-direction to

start with, then the shell is moving with
velocity component in the y-direction). |

k =2x10*N/m

There are no external forces (hence impulses) in the x-direction during firing,
so momentum of the gun/shell system is conserved in the x-direction (it 1s
assumed that the spring does not compress much during the firing, so it does
not provide an external impulse 1n the x-direction during firing).

O - _mgunV + mshell (Vshell COS e)

After firing, the recoil velocity V provides KE fo the cannon which turns into
spring potential energy as energy associated with cannon (EXCLUDING the
cannon ball) is conserved after the firing.

1 1

R T)
—mgunV = —kx 49.)




And there is the block on
block with spm’n proﬁfem on
fa

ﬁ’iction[ess SUr

want to determine the maximum |

C€ in which you

compression of the spring, assuming you
know all the parameters listed on the sketch.

Want to see the solution to this little gem. I did a video on it. You can find it at:

https://youtu.be/ vifPexY S4I

... though I may have maintained that energy wasn’t conserved through the
collision, which we are now assuming 1s the case . . .
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Center of ‘Mass

Tﬁe center (Zf mMass of a system of masses (or a single mass) 1s located at

the weighted average position of the system s mass.

fxamjo[e: a basketball: fxamjo[e: a horse shoe: fxampfe: multiple masses:

O () =

Tﬁé?’ € ﬁa\/e 66611 some very clever uses this concept have been putto. ..
Enter the Fosbury flop:

https://www.youtube.com/watch?v=RaGUW1d0w8g
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https://www.youtube.com/watch?v=RaGUW1d0w8g

‘A center Of’ mass coor di’nate must be relative to a coordinate axis. In

the x-direction, the numerical value, being a weighted coordinate, 1s defined such
that:

= 0 =
X, X, X, X

3@1’11(9 CGLT@JCM[to take signs into

consideration and defining the total mass
of the system as M, the center of mass

coordinate becomes:

n
2 m; X,
_ =l

cm M

X
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QZXCLWLJO [6 /. Consider two masses “m” and “3m” located a distance 1.0 meters
apart. Relative to the coordinate axes used:

a.) What is the x-coordinate of the system’s 3m m
center of mass?

n
2 m; X,
_ _i=l

cm M

X

m1+m2

_ (3m)(=5)+(m)(5)
3m+m
= —.25 meters
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C ont’c[: Consider two masses “m” and “3m” located a distance 1.0 meters apart.

Relative to the coordinate axes used:
y
b.) What is the x-coordinate of the system’s
center of mass?

n
2 m; X,
_ _i=l

cm M

X

m1+m2

_ (3m)(5)+(m)(15)
3m+m
= .75 meters

Bottom line: a system’s center of mass is identified as a coordinate relative to
a coordinate system.
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Center OJC Mass in three dimensional situations: im .

Mx_ =mX, +m,X, +m,x;+... cm M
n
M _ Zmiyi
Yem =My, +mM,y, +m3y; +. .. N _ =l
YCIl’l _
M n
Mz, =mz +m,z,+mz,+... 2 mz,
_ =l
= Lo = 1 M

N

rCI”I’l — 'xcml + ycm] + Zcmk

(Zmixl.)f+(2ml.yl.)}'+(2mlzi)l€
M
S

M
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fxamjo [e 8: Determine A

the coordinate of the center of T
mass for the system shown. o \/&

2m h
_(2m)(d)+(5m)(d+b)
Fem = 2p+ M + 4nd < d j@—b —ém >
_7(d)+(5)(b)
7
=d+§b
7
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So Eef’ ore we g et 11to the hard stuff, let’s review what we are really being

asked to do with center of mass calculations.

To determine a center of mass coordinate along a particular axis:

--Move from the origin outward along the axis until you find some mass.
--Multiply the mass by its coordinate.

--Continue doing this, adding the products as you go.

--Once you’ve covered all the mass in the system, normalize the sum by dividing

by the total mass.

That will give you the center of mass coordinate along that axis.
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‘As [ong (1S an object’s center of mass 1s located over a point of support, it will
be stable.
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And again:

The Making of “Balancing Act”

A Photograph by Walter Wick
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Example 9: With the guidelines

for doing these kinds of problems in
mind, determine the coordinate of the D
center of mass of a homogeneous rod of *

length L, assuming the origin 1s at the
rod’s end.
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Example 9: With the guidelines for y

doing these kinds of problems in mind,

determine the coordinate of the center of -
X

mass of a homogeneous rod of length L,
assuming the origin is at the rod’s end.

?lftﬁougﬁ this is a continuous mass, the principle is the same. Move out along

the x-axis until you find some mass, multiply by the mass’s coordinate, then sum
that quantity for all the masses found before dividing by the total mass.

The yroﬁfem? The system 1s not made up of discrete pieces of mass. That
means that after moving an arbitrary distance “x” units down the axis, you need
to create a differentially thin section of the rod of width “dx” to defines a

differentially small piece of mass “dm,” do the required multiplication, then
sum all such pieces using integration. Doing this yields:

Y

dm dem

— L Xem =7
1l

dx
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This is where it gets exciting. To do this integral, we need to relate the position x

of the bit of mass to the amount of mass dm that is there. To do that, we invoke a
very clever mathematical contrivance called a density function.

ﬂfrﬁougﬁ there are three types of mass density functions, we will start with
the simplest (we’ll talk about the other two shortly). Called a linear density

function, it’s units are mass/unit length and its a symbol is A . What it
essentially says is:

le you have a massive, extended object that has obvious one-dimensional
variability (like a rod), give me a length of the rod and I can multiply that

length by A and tell you the amount of mass that was associated with that
length. (Just think about the units—(mass/length)(length) = mass).

In some instances you may be given the density function (eg. A = kx), but in
most AP problems it 1s assumed to be associated with a homogeneous
structure. In other words, it 1s equal to the total mass divided by the total
length, or:

M

A=—
L
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The linear c[ensity function can also
be written in differential terms. That
1S, as the ratio of the differential mass
per differential length. It is from this

that our dm substitution can be
generated. That is:

_dm

T dx
= dm = Adx

A

With this, we can write:

L jxdm
o M

L
LO x (Adx)
M

L
Al xdx

x=0

M

)

L
x=0

_\L
oM
=—L
2
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As added non-AP fun, how would

this differ if the rod was weighted
funny, like ), = kx?

No proﬁfem: The only thing that’s
tricky 1s that now you have to do an

integral to determine the total mass
of therod . ..

A =kx

J-de

X

m = Jdm
J;L:OX(kdx)

J.Xng (Adx)
J;L:O X (kxdx)

) Jio (kxdx)

(3

x=0

\
’

x=0

3
x> )
2)

\
L 64.)




fxamjo [¢ 10: Now determine the y-

coordinate of the center of mass of a homo-
geneous half-circle plate about its central axis.

?[agfgftﬁisyroﬁfem 1s easy. By

inspection, we can see that the x-

coordinate of the center of mass is zero.
The y-coordinate, not so obvious.

It is time to now consider the other two types of density function:

The area mass c[ensity funcm’on is a bit of an oddball. It essentially says,
“Give me an area on the face of an extended object, and I’ll multiply that
area by the area density function to tell you how much mass 1s behind that

area.” Its symbol 1s a sigma G and its units are mass/unit area. For a
homogeneous structure, it can also be defined two ways:

G:M and G:d—m = dm =odA
A dA
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The other way to go 1s with a volume
mass density function, . It essentially
says, “Give me a volume in an
extended object and I’ll multiply that
volume by the volume density function
to tell you how much mass is within

that volume.” Its symbol is a rho p

and 1ts units are mass/unit volume. For a homogeneous structure, it can be
defined two ways:

pzv a’ndl p:W — dmzpdV

’fﬁe Str ategy to find the y-coordinate of the hemisphere’s center of mass 1s

simple. Move up the y-axis some arbitrary distant y, determine how much mass
1s at that coordinate (it will be in a differentially thin strip of height dy), do our
multiplication and integrate.
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Executing that and using an area
density function, we start:

We know that the area mass density
function 1s such that:

oo M  2M
(7R2/\ mR>
[™R%5)

and

sz—m = dm =ocdA

dA

So we need to determine the differential area of a swath whose width is 2x
(look at the sketch) and whose height dy. That is:
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With all that, we can write:

(R V1= (0% (o)

4 A
R’=—R (this is a little below halfway up the axis)

~ 3nR? R 68.)




QZXGLMJO[:? 11: To see a problem using

volume mass density function, consider
determine the x-coordinate of the center of

mass of the triangle whose length 1s @ and
whose height is b.

As we are worﬁi’ng with the x- .
coordinate, we move down the x-axis < >| |<—
dx

an arbitrary distance x, determine
how much mass 1s within the volume

comprising a differentially thin slice of thickness dx, then integrate.

le the thickness of the triangle is ¢ and total area A, the volume density function
can be written as:

M M 2M

p — o —
At Gab)t abt

Also,
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Al we need to proceed is a relationship
between x and y, which we have as the

line defining the y-coordinate 1s a straight
line. That 1s, using:

y = mx +(y intercept)

we get:

y= b = dm-= p(ydx)t

a
:p(kxdx)t
a

With that:
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=
<
<
- o
p< 2X
O < o
- \Ma 1L
Q -
M/(VA\ 7~ X\
| ol
2 T
—_— Q

(about where you'd expect)

=—a
3
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TRICKINESS

YOu g‘[ﬂ\/ﬂ; Sfthhe approach for deriving center-of-mass

quantities for both discrete masses and for more complex situations, and that is
all information you need, but there may come a time (like, say, on an AP test)
when you are asked to simply determine (not derive) the center of mass

coordinates for some oddball mass configuration, and when that happens, a bit of
trickery might do you well. Specifically:

(meters)

Cons 16[61" the geometry
shown to the right.

What s the y-coordinate of
this object’s center-of-mass?

X (meters)
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Tﬁe tric é 1s to particulate the mass into bite-sized pieces, identify

geometries whose center of mass 1s easy to eyeball, then assume all the mass in
each of these regions is centered at their particular center of mass.

For this case (and looking
just at the y-components):

(meters)

The geometry has 22
squares in its mass, so each
square 1s worth (1/22)m.

Also, there are 2 rectangular
geometries easily identified.

The ﬂeﬁ rectangfe’s y-center
of mass 1s at .5 meters, and -2

the right geometry’s
coordinate 1s +1.

Assuming all the mass 1s at ((6/ )m)(05)+((16/22)m)(1)

their center of mass, we can _\\/22
write: m
= .8636 meters 73.)

X (meters)




Theoretical ’l\fitty Gritty for a

System Tn ‘Motion

qlﬂ}? ac Emg our definition of center of mass reveals something interesting.

=S = Mf, =) m7

Observation 1: The sum of the weighted positions of all of the masses in a

system yields a vector that 1s equivalent to congealing all of the masses at the
center of mass and weighting that position.
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We can see how this weighted center of mass vector acts over time by taking
its time derivative. Doing so yields:

M dr,, = Zmid—fi
dt dt
i, df  di, _ df
dt dt Y dt 0 dt
= Mv__ =m\v,+m,v, +m,v,+...
( = My

and Mv_ =myV, +m,V, +m,v, +..

M

=myV, +m,v, +m,v, +..

cm X

and Mch,Z =m,v,,+m,v,, +m,v,, +... )

Observation 2: If all the mass M in the system was coagulated at the
system’s center of mass and made to move at the center of mass’swe/ocity

, 1ts momentum would equal the sum of the momenta of all of the individual
masses 1n a system as they actually exist.
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’faﬁing sti [ [ one more derivative yields:

My, 05

dt dt
MCK]"“rl = mld—vl+m2d—v2+m3d—v3+...
dt dt dt dt
= Ma_ =ma,+m,a,+m,a,+..
= Fnet,cm = Fnet,l T Fnet,2 + Fnet,3 T
= Fnet,cm,x = Fnet,l,x + Fnet,2,x T Fnet,3,x T ..
and F .. =F. ., +tFE ., tF a, +--

etc,

Observation 3: Sum up all of the forces on all of the masses in the system in
a particular direction, and the center of mass will act as though all of the mass
in the system was coagulated at the c. of m. with that force applied to 1it. That
1s, the c. of m. will accelerate as though 1t had all of the mass at it with that

force acting upon it.
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Bottom [ine (though not something you will be able to use on the AP test):

There are two ways to analyze system of particles problems.

1.) You can track the individual particles, which 1s what we have been
doing to date (think about the two-car collision problem—we tracked what
each car’s momentum was throughout the collision), or;

2.) You can transform into the center of mass frame of reference (one in
which you are traveling along with the center of mass), do the problem 1in that
frame, then transform back into the /ab frame. This is not something the AP
folks will ask you to do, but it 1s a common approach in physics (that is,
transforming into a frame of reference in which the problem can be done
casily, then transforming back).

This second approach is most elegantly observed in the two-dimensional,
collision-lab problem presented earlier.
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Extra non-A%P problem. for your amusement: Reconsider
)

the old lab problem we did earlier. What does the system look like from the /ab
versus center of mass frame’?!

lab frame c. of m. frame
m, kn‘v
’ o
-~ t Vi el

\\\\ mu 2 . . - ‘
T |

/ ﬂ ‘ \\.\\\ x v, =0
// mu, B ‘
// Two masses approach - ‘
m, @ obliquely, collide and wo masses - 3"~
rebound obliquely. approach on-line,

collide and rebound
on-line. 78)




lab frame

1 A
. \\\ mu /./
‘\ /:.‘//#/
L etr T
T e VO
Mo 27 7 -
.////._." P 7 N\\
v
.
m, ﬁl

c. of m. frame

; Vl,rel

>i<v =0

cm
1
1
6 V2,rel

ﬂyyroacﬁing this conventiona[fy, you’d have to write out the momentum
relationship in the x-direction, the y-direction, and possibly the energy relationship
should the collision be elastic. Then you’d have to solve the mess of equations

simultaneously.

Loo@ing at tﬁings from the center of mass frame, not only does the problem
become one-dimensional, the total momentum 1s ZERO. This 1s a wildly easier
problem to solve . . . and once you’ve done so in this frame, you can transform

back into the lab frame and you are done.
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This s sujojaosec[ to be FUN.

Don’t take notes,
but do listen and think!

A ball moving at 5 m/s strikes a surface and bounces back at 4.9 m/s in the opposite
direction, all in 0.1 seconds. What is the ball’s acceleration?

Lo VamVi_ (—4.9 m/s)—(5 m/s) 99 /s
At .1 sec

Let’s say the ball’s mass 18 5 grams. What was the average force required to effect
that acceleration?

F =ma =(.005 kg)(99 m/s*) = 495 nts

What we’ve jus t done is to examine a situation by looking at the forces

acting on a system. In other words, we’ve utilized the Newton s Second Law
approach to come to conclusions about our ball. (Note that a half newton 1s about a

tenth of a pound.)

It 1s possible to look at situations from OTHER perspectives using OTHER

approaches. %)




A ball moving at 5 m/s strikes a surface and bounces back at 4.9 m/s in the opposite
direction, all in 0.1 seconds. What can you tell about the ball?

Option 1: Determine the impulse in the ball. Justify your results.
FAt = Ap =(.005 kg)(—4.9 m/s)—(.005 kg)(5.0 m/s)=4.95x10~ kg« m/s

What does the impulse tell you about the motion?

A relative measure of what it takes to stop the body in the given amount of time.

Option 2: Determine the net work done in changing the motion of the ball.

\W

net

= AKE = %(.005 kg)(—4.9 m/s)’ - %(.005 kg)(5.0 m/s)’ =2.475x10™ joules

s the net work done in changing the ball’s kinetic energy large or small?

Really small.
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From the per SJO@CI’i\M of impulse, energy and ball acceleration, it

appears that 1t doesn’t take a lot to make our ball change course.

In other words, the ball can’t
hurt us much.

82.)




And comjofete[y oﬂ: the wall . . . incoming outcoming

VO VO
A rea[[y massive wall sits stationary in the lab. A ball ® ®
1s observed to hit the wall square-on with velocity v _,

and bouncing back with that same velocity v , (1.e.,

energy 1s conserved).

before collision after collision

incoming ball with velocity v, . The ball comes in as before,
but because the wall 1s so massive the wall just keeps going
with velocity v _ after the collision. The ball hits the wall and

The situation cﬁanges. Now the wall 1s moving toward the — —
\A v="
e "o
rebounds. How fast is the ball moving after the collision?

The temjamtion is think that the wall will give the ball an extra v,'s worth of

velocity boost, and that the answer is 2V, . In fact, that isn’t what happens. The
answer 1s actually 3v_ (this question used to be given to Caltech frosh when they
were being sorted into Recitation Sections for the Physics 1 class).

How could this be?
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after collision

The trickiness resides in the fact that you only know before collision v,
what the ball will do if you examine the system from B ]
the wall’s perspective (1.e., from a frame of reference Vo, y=?
stationary, relative to the wall). Only in the wall’s ® ®
frame 1s mechanical energy conserved and velocity-in

equals velocity-out.

, , 5 In wall’s frame,
So in the second scenario, what does the ball’s before collision  after collision

motion appear to be from the wall’s perspective?
2v, 2v,

The ball appears to be closing on the wall with velocity 2v, . —.> 4_’

That means, according to our velocity-in equals
velocity-out assumption, that relative to the wall, it will wall sitting still
leave with velocity 2v_ .

after collision

But relative to the lab fmme, which 1s the frame we e e g

are really interested in, the wall itself 1s moving with 7 AN ’

velocity v . So the net velocity of the ball, relative to v, /Zﬂ \

the lab frame, should be: wall’s vc;k)cTy l\ ® ,:
2v_+v, =3v, relative to lab \\\ //
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This all sounds fine and good in a fantasy land sort of way, but does it hold to real
life? A little experiment suggests it will.

Take two balls, one fairly massive (a golf ball) and one fairly massless (a ping-pong
ball). Place the ping-pong ball on top of the golf ball and drop from an arbitrary

height 4. Notice what happens. before drop

®
The fof[owing should ﬁaypen: The two should after collision
fall, picking up kinetic energy in the process. | |

The math to figure out their “final” velocity 1s:

YKE +YU+YW, =>KE, +)> U, h

0+(mt+mp)gh+O:%(mt+mp)(V1)2+O

2
= Vv, = (Zgh)2 and h= @
2g
So let’s assume that when the golf ball hits the ground, it generates a rebound velocity
of v, (1.e., no energy loss), and let’s assume that that there has been a bit of separation
between the two during the fall, so with the golf ball now moving upward with

rebound velocity v, , the ping pong ball 1s still moving downward with velocity v, .
85.)




In other words, we now have the wall and ball situation (sort of). A massive golf ball
1s moving in one direction (upward) and a smaller ping pong ball 1s moving in the
other direction (downward) with the same velocity (yes, 1t’s not a direct parallel as the
golf ball isn’t super massive and energy is never conserved in collisions like this, but

work with me here).

This means, according to our previous analysis, that the ping pong ball

should bounce off the golf ball with THREE TIMES its incoming velocity.

What’s more, with three times the velocity, the ping
pong ball now has NINE TIMES the kinetic energy
that 1t had to start with, and should therefore fly nine
times higher after its rebound.
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This we will try in class.
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