CHAPTER 30:
Sources o ‘Magnenc Fields

Cern’s single-
walled coil
operates at
7600 amps and
produces a 2.0
Tesla B-fld.
http://atlas-
magnet.web.ce
rn.ch/atlas-
magnet/info/pr
oject/ATLAS
Magnet Leafle

t-ds.pdf

Photo and info courtesy of Mr. White
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CB-ffcfs Produced By Cﬁm’ge in ‘Motion

In 1820, Hans Christian Oersted, observed that a compass near a current-

carrying wire will react. Conclusions: B-flds are produced by charge in motion,
and B-flds circle around current carrying wires.

The sense of circulation can be deduced
using what I call the right-thumb rule:

Grasp the wire with the right hand with the
thumb in the direction of current. Your
fingers will curl in the direction of the B-fld.

from side ® B-fld into page E photo courtesy of Mr. White
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OerSted (1 820) (courtesy of Mr. White) ] Sﬁ{lﬁn ﬁfjggs

If the wire 1s grasped with the right hand, with the thumb o= =
in the direction of current flow, the fingers curl around the @ @I
wire in the direction of the magnetic field.

<

The magnitude of B 1s the same everywhere on a circular —
path perpendicular to the wire and centered on it.
Experiments reveal that B is proportional to /, and @ >
inversely proportional to the distance from the wire.

Y PIOP = E2
Obscure observation from Fletch: gg.ffof
Notice that if the current-carrying wire 1s any vector |
straight and you draw a vector from any ®\&’m wire
point on the wire to a point of interest, T e
the direction of the magnetic field at that <

point will be perpendicular to the plane vector cfefining,,/:’ Plane o any vector

“n and/ “1” 1s [ane 0
defined by that vector and the direction current i page—B -f}(Oc[is f
of the current (treated like a vector). perpendicular to that
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Example 1 (courtesy of Mr. White)

Predict the orientation of the compass
needles.
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fxamjo[e 1

Determine the direction and magnitude of the magnetic field at “x” if the wire

€99
1

carries current and “x” 1s “r’ units from the wire.

5)



Solution
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fxamjo[e 2

Determine the direction and magnitude of the magnetic field at “p” if the

CCs 9
1

left wire carries current the right wire carries current “21” the wires are

€e, % €6, 99

“x/2” units apart and “x” 1s “x” units from the 21 wire.

& ® P

\. J\ /

Y Y
X/2 X

Where will the net magnetic field be zero?
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,” ‘Determine the direction and magnitude of the magnetic *, Y

€ 9
1

/ field at “x” if the left wire carries current the right wire ' \\ 4
€6 99 * \y

carries current “21” the wires are “x/2” units apart and “x” 1s vy IB= 1, (2i)

€6, 99

X"’ units from the wire. W\,
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\\(\/ﬁer ¢ Will the net magnetic field be zero? S
7/
Ta\the left of the 1" wire - the fields will be oppos/ite’ in djfection, and it’s farther
from the 2i wire. e /
~ ~ ” - - /
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Determine the net magnetic field at the origin
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- A -~y

/ P \ ~
/ , .’ .o
Determine the net magnetic field at the origin~
’ N
// A
/
/

/
I

19.48 on class Website is a
good one to practice with!

10.)




Solenoids

A long coil of wire with many loops (or turns) is called a solenoid.

The magnetic field inside the solenoid can be fairly large when current flows
through the wire as each loop adds to the overall magnetic field strength.

The magnetic field within the solenoid is fairly uniform and runs in one
direction, down the middle of the coils, resulting in the coil acting like a magnet

with a north and south pole.

If a piece of iron is placed in the core of the loop, this becomes an

electromagnet.

ﬁ
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The Law of ‘Biot-Savart

Coulomb’s Law observed

that the electric field generated by
a point charge was proportional to
the magnitude of the field
producing charge and inversely
proportional to the square of the
distance from the field producing
charge and the point of interest.

Extending this, if you have an
extended charge, the technique is
to determine the magnitude of the
E-fld for a differentially small
piece of the charge dg, then
integrate to get the net electric
field.

E|=fa=]"—

x=a 4758

X

- -[a—:L 4718
1)

4me,

2

X 4me, =

a+L) Q |:(_
) 4me L

(Adx) (%) J‘a_+L 2 dx

;)_
a+L

_Q ((
4me L

a+L)-a) Q
a(a+L) ) 4me

. (a(aiL)
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‘Biot-Savart does a similar thing for magnetic fields, with the exception that

it incorporates the direction of the B-field into the calculation.

Specﬁ"ica[@, it observes that the

differential magnetic field dB at Point P

due to the current in the differentially dB out
small section ds of wire is:

dB = ( H, jldsfr
4T r

wﬁere:

- >

I 1s the current in the wire

L, = permeability of free space
=4nx107" Tem/A
ds 1is a section of current-carrying wire
ds 1s a vector in the direction of the current at ds

r 1s a vector from ds to the point of interest Notice the cross product gives a
direction that 1s perpendicular to
the plane defined by r and 1 at ds

as advertised earlier. 13.)

ds

graphic courtesy
of Mr. White

r is a unit vector in the direction of

0 is the angle between 1 and ds




The B iOt' S aVart LaW (courtesy of Mr. White)

determines
dﬁ k I d S X r/ direction of
magnetic field at a point P r element of
pe.rpendicular to segment of steady wire
wire ds & perpendicular to current in
unit vector r from ds to P. : :
direction P
dB out
ds o
ro
k.= 107 Tem/A 0
k.= u, /4m , where "
u, = permeability of free space r s

u, =4m x107
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Examy[e 2. (problem courtesy of Mr. White):

Determine the magnitude and direction of the B-fid
at the point O 1n the diagram. (Current / flows from
top to bottom, radius of curvature = R.)

To do this, you need to break the current paths
into segments that either have the same r value or
have a cross product that 1s zero.

@ej’ining a differential length ds a the unit vector 1, in one of the sections that
moves directly toward or away from the point (see sketch), the cross product that

bit produces becomes:
. ds xr
dB| :(“0 jI dsixi

4TC (rwhatever )2
B ( W, jl ds, sin0°
_ 2

4 T (rwhatever )

I
-
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With no CB-f[c[s being generated at Point O due
to the sections of wire that have current moving
directly toward or away from the point, we turn
to the only other section 1n the system:

Again, c[@fining the differential length ds and
the unit vector r, for the curved sections, and
noticing how ds is related to d6 (see insert),
the cross product becomes:

4B~ ( I jl|d§zxf2| _ ( W )Idsz sin90°
1 \4n) (R \4m (R)’

= B=|[dB =(4i§2)1jds2

)
= | Mo zjljeRde
\ 4R 0

(),
\ 4R

Also, crossing ds, into 1, yields a direction INTO the page, which is

How ds is related
to R and df .

exactly what the right-thumb rule would have given you!
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Examjoﬂz 3: Derive an expression for the B-fld generated by an infinitely long,

current-carrying wire a distance a units from the wire.

Start Ey defining ds, T and 6 . Define x.
_tpoint
Note that ds = dx and theageneral r=(x2 49> )%/ ///
geometry. That is, sin@ = % e a
and r=(X2+a2 )zs (X2+a2) 2 A ///
Pt
With that: — >
= (U, ).dssin® I ds |
a2 )i -
sin@ = ° 1 =2
B ( i, idx(%) _( uiadx (X2+a2)é f
4T 2 \4n )¢

Double the sum of the differential B-flds = B=2[|dB
from infinity to zero, we can write: ,
_ 2( L 1a j J‘O dx
R ()

x% +a’
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Sofving:

B:de

_ uoia)J'O dx
2/4% X:w(x2 +a2)%

p
_(uoia) 1
o 2
2T \a (X2+a
> ~ _
1

_(Hoiﬁ/) 1

— " -

2T I J/ _ a _
“\2n)a

And the cross product ds x T yields a B-fId direction OUT OF the page at the
point.
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‘Magnetic ‘Forces ‘Between Wires

ﬁEXGLWL}?[e 4 Derive an expression for the

magnitude and direction of force on a current- /T\\ i
carrying wire bathed in the B-fId generated by a i @ é :
o 2
< >
a

second current carrying wire a units away.

’fﬁere 1S OH@ one way to get

the magnitude of the force, but there
are TWO ways to get the direction.
We’ll do it all.

graphic courtesy of Mr. White
with slight modification

For the magnitucfe: The direction of the
magnetic field due to the left-side wire can be
determined using the right-thumb rule and 1s
as shown. The magnitude of it’s B-fId 1s:

Blz(uojl_l
2T ) a
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Because the force re[ationsﬁijo between a current-carrying wire and the B-fld
the wire 1s bathed in is known, we can write:

‘152‘ = iz‘ixﬁl

_ izL(@)
2Ta

Now for the fun—finding the direction of the force
on the right-hand wire: Start with the cross product.

B, =i,[xB,

L is out of the page (in the direction of the
right-hand wire’s current), and we’ve
already determined the direction of the B-
fld due to the left-hand wire in that region
(it’s downward at the right-hand wire).

Executing LxB, yields a vector direction to
the right, AWAY from the left wire.
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But there’s a cooler way to do this which requires an interesting observation.
Consider two north yofes juxtaposed against

one another. You know from experience that

these two magnets will repulse one another.

Notice that the direction of the magnetic field

lines generated by the two in this case are parallelish.

le, on the other hand, the poles are

opposites, their magnetic field lines will be
anti-parallelish and the two magnetis will ”< \_

attract one another.

’fﬁe TU[QI If the magnetic field lines between two field-producing objects are

parallel to one another, the two objects will magnetically repulse one another. If
they are anti-parallel, they will magnetically attract one another.
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So going back to the direction of the force
on the right-hand wire:

‘A quic@ determination (using the right-
thumb rule) of the direction of the B-flds
set up by the two wires in the region
between the two wire shows that their
field lines are parallel between one another
. . . which means the two wires will repulse
one another. That means the force on the
right-hand wire should be away from the
left-hand wire, as determined using the
mathy approach.

B-flds suggest repulsion
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‘As a JOT@CLMB [6.‘ The circulation of a vector field around a closed path 1s

defined as the summing of the dot products of that vector with all the differential
lengths of the path around the circuit.

So lf’ you had an electric field, for instance, and

a closed path (defined in red), and you did all the
dot products around the path, the “circulation of

E” would be: o
circulation = CJSE odl

So in this case, the dot product gives you the

component of E along the line of dl, times dI, summed

over the entire closed path. And as some of these mini-dot products can be
positive (szdiz) and some negative ( E 1xdi), circulations can be zero or non-
zero, depending upon the vector field involved.
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Ampere’s Law
(the magnetic counterpart to Gauss’s Law)

‘fﬁmﬁ back to what Gauss’s Law did for yOu.

Gauss observed that if you have a net charge in a
closed surface, the straight-arrow electric field lines
generated by the charge would either exit or enter the
surface (depending upon whether the charge was
positive or negative), creating an electric flux through
the surface. That flux, he reasoned, was proportional to
the charge enclosed. By the time the dust settled, he

had posited Gauss's Law, or: P -
imaginary Gg,uégian surface N
gﬁﬁ.d;‘:m V N
/
ﬁ S 80 . I/ \\ E
Choose a reasonably symmetric surface, and voila, ’ dA

you have a useful mathematical tool for deriving \ j
electric field functions. \ Y.

~— —_—
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M&Lg netic ﬁe [C[i? set up by current-carrying wires are not “straight arrow

vectors,” they are fields that circle around wires. So Ampere reasoned that if he
defined a closed path around a wire and determine the circulation of the field
around that path (this 1s a mathematical operation consisting of dotting the B-fid
into a differential path length dl, then summing all those dot products around
the closed path to get the “total circulation”), that sum would have to be
proportional to the current passing through the face of the path. In other words,

g’-)B ¢ dl o 1‘[hlru the face

The Joroyortiona[ity constant that makes this into an equality 1s the
permeability of free space, or L , making Ampere’s Law:

(ﬁ]_é .dl = oL,

Note: The book uses ds as their differential path length, but they also use ds
for their differential section of current in Biot-Savart. Using the same symbol
for two different situations seems confusing, so I prefer dI when dealing with

Amperian paths.
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fxamjofe 5. Assume a current-carrying wire

produces a B-fld, and the wire 1s far enough away
so that the field lines generated by the wire look as
shown to the right. If a small circular path 1s
defined as shown, what 1s the circulation of the
field around the path?

le we cfeﬁ”ne a differentially small section dI along the
path, we can execute the mathematical operation B dTl
and end up with a positive dot product (the angle
between the two vectors is less than 90°).

@eﬁ’ne a second differentially small sectiondT2 along the path and we get a
negative dot product (the angle between the two vectors is greater than 90°).

Bottom [ine: The net circulation will have positive parts and negative parts,
and will ultimately sum to zero.

‘But we should have seen this coming. There is NO CURRENT PASSING

THROUGH THE FACE OF THE PATH, so according to Ampere there should be
NO NET CIRCULATION.
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fxamjofe O: A current carrying wire has current
directed out of the page as shown. For the dotted path
shown, 1s the net circulation equal to 1 i ?

YES, Ampere’s Law always works (just like Gauss’s
Law always works, even when a geometry makes its
integral impossible to solve).

B

The real question is whether using Ampere’s Law 1s a reasonable thing to try to
do in this case . . . and the answer to that question is NO!

Wﬁy? Look at the symmetry.
The current through the face is easy—it’s just 7, but the angle between dTl
and the B-fld evaluated at d | is different than the angle between d1, and
the B-fld evaluated at dl, . That’s going to make the integral nasty.

Consw.c(er the problem TN Cﬁﬁ odl = TP

exploiting symmetry: v/ i@/} di — B SB dl 09560 —wi
‘E‘ is the same at (\ R . M1
every point on \ // = B(ZTER) “HL = B= 21R

the path, so: BAM! The B-fld for a current-carrying wire. ,,,




fxamjofe /. Consider an infinite sheet of current with the current coming out of

the page. Assume you know the current density j (the amount of current-per-unit-
length) in the sheet. What is the net B-fld generated by the current R units away?

To get a fee[ for the power of Ampere’s Law, let’s assume we are looking at an
infinite series of wires. How might we derive an expression for the magnetic
field due to one current carrying wire, then extrapolate for the whole?

Consider the differential B-fld generated by our differential bit of current x units
from the system’s origin.

¥ ey
-_— -
~

to infinity I

/ .
. dl \
00000000000 000 O00000E
I |
X o |k l

\

\ /
\\ i di= jdx //

N s 28.)




From symmetry, though, a second differential bit of current flow produces the
additional field shown below, with the sum of the two fields producing a
y-component that adds to zero.

Additional geometry yields:

X
tan 0 = —

= x=Rtan0
= dXZR(SeCZO) do

1

sec 0=
cos 0
COS G:E
r
= r= R =RsecH
COS
So:
dB = 2ol (dx) cos6
27r

o 2M) 2 1
 2m(Rsech) [(RSGC e)de}(sece)
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Simplifying, then summing (integrating) from 6 =0 to 6 = % radians, (we’ve
already taken care of the other half in eliminating the y-component of the B-fld),

we get:
2, ] ( 1 )
dB = ° 0)do dB | ==
i Z/TC(/KS§C/9) [((KSQCZ/ ) :| Sﬁée E—/S// \\\\
— ““Oj de ////R e\\\\r \\\\
T | AN \
. 00 0000000 000000
— B — !"Lo.] /2 de \\ X /I
T ©6=0 \\\ ///
— B — !‘LoJe 3/2 \\\\\ /////
T A e
_, pMifm j
T \ 2
_ gt

2
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Constrast this with Ampere’s Law.

--Note that B is constant along the horizontal, Amperian path
in opposite directions on either side of the sheet.

--For Ampere’s Law, we need a path along
which the magnitude of ‘E‘ is either constant or
such that the dot product of B and d]1 is zero (a
rectangle will do the job).

. . . .
--The current thru the Amperian face is i = jL, dl, —%l
L

where j 1s the number of wire per unit length, so:

Cﬁ]é'd_[ axll LU
deL + J dl, + del + JBdT —uo[(')]

0
B_[dl/oo/0°+B | a ccyﬁijdl C}/OO+B | a co/9€° w,[(H)L]
= BL+0+BL+0=p_|(j)L]

o K]
9 ... a lot easier!

—
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fxamja[e 8: Derive an expression for the B-fld

inside an N-turn toroid (a coil with N winds that
curves back on itself)

--Because the CB-f[cf for a toroid circles along
the toroid’s axis, the Amperian path that is

applicable here is a circle of radius r. Amperian

--ﬂ\foting that ‘N wires pass through the
Amperian path, the current through the face 1s
Ni and we can write:

gﬁ]_g ¢ d_» — uoithru
1
= Bdlcos0® =, (Ni)
= B(2nr)=p,(Ni)

M NI
2Tr

= B=

_-Notice that B varies with 7.

from the side:
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Solenoids

‘A so [enoicf, also referred to as a coil, 1s

exactly that. A long Wire tightly COiled | HH{ A -mv--«mwum.m...~'N""';'mmmwnmmnH'!'»»WhmmmiP‘H'-'-lh ‘5:
hellcallY' They are typ lcally CharaCterlzed S\ SN T
by the number of winds per unit length 7.

--Solenoids are tyjoicaffy tightly wound, but an spread out version (courtesy of
Mr. White) allows us to see their microstructure.

--Between the winds the fields
add to zero;

--Outside the winds the field is
weak and drops to zero fairly
quickly;

--Down the axis, the field is
Intense;
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There is still

another right-hand rule

that can be used to determine
the direction of the magnetic
field due to current through a
coil. It’s easy (and fun!).

Lay YOUY right-hand on the

coil with your fingers pointing
in the direction of the current.

The direction your thumb points 1s the direction of the B-fld down the axis of the

coil.

T m’cﬁery
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QZXCLTYLJO[@ 9. Determine the B-fld down the axis of a dl

current-carrying coil (a solenoid), where » 1s the number
of turns per unit length in the coil (see cross-section).

We need a rectangular Amperian path. Why?

- The patﬁs perpencficufar to the coil will
experience zero B-fld;

—-The Joatﬁ outside the coil is far enough
out so the B-fld is essentially zero; B

(ignoring

—-The Joatﬁ inside the coil experiences a end effects)
non-zero B-fld.

pud o

The current o .

through the S’SB. dl =Ho i

face 1s: Bedi +/| BedL+| BedlL+/[ Bedl, = L)j

e L) JBedl [ d Js dl+ J Bedl,=p,[(nL)i]
Where nL iS the Baxis Ldllﬁoﬁ)o T /KyJ‘h d12 +/13ﬂwayout -[L d13 +/gyjlh dl4 — !“Lo [(HL)I]

number of wires ,
thru the face. So: = Buk=U, [(n}/jlj
= Baxis = uoni
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@ecicﬁ’ng When to Use ‘Amyera’s Law
versus ‘Biot Savart

‘Use ﬂmpera ’s L. aw when:

--You can c[eﬁ’ne a path upon which the magnitude of B 1s constant over the
entire path (this will normally be a circular path); or

--You can de ﬁ’ne a combination of paths some of which will have a magnitude
of B that is constant over the section(s), some will have B equal to zero over the
section(s) and/or some will have the evaluation of B.dl equal to zero over the
section(s) . . . (these multiple paths are usually rectangular).

‘Use ‘Biot Savart when:

--You can’t use Ampere’s Law. (In other words, Ampere’s Law should be your
first choice.)
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‘E [ectromagnetics

‘Because a COi[setS up a magnetic

field down its axis, as shown in the sketch, a
tightly wound coil will act like a bar magnet
in the sense that it will have one end that
acts like a north pole and one end that acts
like a south pole.

ﬂﬂ&[ BQC aAUuse a ferromagnetic material

(iron, steel, etc.) has within 1t magnetic
domains that can align themselves to an
external magnetic field, it is possible to
make a very strong electromagnet by
slipping a piece of iron (for instance) down
the axis of a coil, then sending a current
through the coil. That, in fact, is how
electromagnets are made.

©®®©®®
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Suﬁtfeties—’l\/lagnetic Flux

n tﬁe Secti0m on Gauss’s Law, we started the
discussion by defined electric flux in general through
any simple surface as:
®, =E.A
=EAcos0

From this , Gauss extended the idea to how

charge inside a closed surface was/is proportional
to the electric flux through the surface, and

Gauss’s Law was born as:

qencl
€

(o)

O, = E-dA=

graphic courtesy of
Mr. White

imaginary Gaussian
sphere
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‘At tﬁe time all of this was introduced, it was

pointed out that the i1dea of flux can be applied to any
vector field, which means we can define magnetic flux as:

®, =B-A

= BAcos0 /

‘Because magnetic field lines either circle current-carrying wires or are

generated 1n pairs (a north and south pole together), the magnetic flux through a
closed surface will always equal zero. In other words:

gSSB-dA:o

Qzl[tﬁougﬁ wWe Wl[ [ do a quick flux problem next, the full significance of

magnetic flux won’t become evident until we get into induction and Faraday's Law.
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QZXOLWLJO[@ 10: Derive an expression for the SN d >
magnetic flux through the face of the rectangular path A
shown due to the B-fld set up by the current-carrying
wire (a very cool, classic problem).
1 b
The cﬁﬁ[icu[ty here 1s in the fact that the B-fld from

the current carrying wire isn’t constant over the face
of the area, as _ ( W, j 1 shows. v

2T ) X X >|t
We have to determine the differential magnetic flux d®, —

through a differentially small surface area b(dx)where the B-fld
is evaluated constant, then sum all those d®'s over the entire face. Starting:

dx

dch:];a-cL?x 0, = [do,
_[ Ml )(b dx)cos0° _( Hgib) J dx _ (uoibjlnx
\ 27X = \ 21 )= X 2w o

—| Eo ~(1,ib) (b c+a
L 21 ) x "\ on )[ln(c+a)—lnc:|—( Y j{ln( - ﬂ
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A Little Problem with ?lmpere’s Law

‘As s I'OLI'EC[; Ampere’s Law maintains that the circulation of B-fId around a

closed path 1s proportional to the current that passes through the face of the path.
Faraday noticed a bit of a twist to the situation that adds an unexpected wrinkle.

Consider the CL.LT?’eTll' carrying Wu’e’ that capacitor
leads to a capacitor as shown to the right.
Notice also the path defined for use with
Ampere’ s Law.

With the “face" of the path shown
as green, the current through the
“face” is the conventional current i_
in the wire and we can write:

¢]§ ¢ d_I = uoithru
= B(2mr)=p,i,

. B- L1, Amperian path
27
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What Tamcfay noticed was that we don’t need capacitor
to define the “face” of the path as previously

shown but, rather, could identify it alternately as
a billowing surface (the green) whose boundary
1s edged by the Amperian path.

In that scenario, the path would still
look like that shown in the sketch to the
right.

The comjﬂfication this generates 1s that
we have an Amperian path—the same as
before—and we have a surface we are
associating with its “face,” but because
the face passes between the plates of a
capacitor, and because current does not
pass through a capacitor, there is no actual current through the face of our
Amperian path. Yet common sense suggests that the magnetic field we determine
using Ampere’s Law in the first setting shouldn’t disappear simply because we are
using a different face, so how do we reconcile the problem?

face

‘Amperian }oatﬁ
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F amcfay’s solution was to claim that
Ampere’s Law only works in the form
you’ve seen if the electric field
producing the current is constant. If the
electric field 1s changing with time, an
alternate version of Ampere’s Law must
be used. That is where the
displacement current comes 1n.

capacitor

The cfisp[acement current 1s defined

as. d(I)E
° dt

I, =¢

Amperian pat
P P closed su’rface

Does this make sense?

To see we need to look at Gauss’s Law, and to do that we need to close the
original circular face of the path to create a closed surface. Having executed that
operation, Gauss’s Law maintains that the net flux through that closed surface will

be:

_ Yena _
(I)E - gnc — qencl o qu)E

(0)




So q.,, = €,P.. Butin this case, ., is capacitor
the charge on one plate of the capacitor.
If we calculate the rate at which that
charge 1s changing (the rate at which the
capacitor 1s charging), we get the current
in the circuit. In other words:

d
ic — qCElp
dt
— d<eoq)E)
dt
dd,
°odt
Caps don’t have charge move through them, but the electrostatic repulsion between
their plates creates the illusion that current 1s flowing through the cap. Faraday,
apparently, deduced that that virtual current (my words, not his) was the

displacement current needed for Ampere’s Law to work. In any case, the complete
form of Ampere’s Law is:

4}]—;0 d_I = !"Loithru +““0 (80 d(I)E

=& Amperian Jaatﬁ

term on the right you evaluate,

depending upon the circumstances.

where 1t’s YOUR CHOICE which
o
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